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Matrix Balancing

[ P11 P12 |

I P21 P22 |
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Matrix Balancing

Findrands: [/ O[ P11 pi2][ 51 O]

(Make doubly [ g r2 [| p21 p22 || O 52
stochastic ] o o ]

matrix) RE 1P11 1 2,012- —>»> Zj 1j,01j=1
| 251021 1252P22 [ > D.il2Sip2i =1

v v

Yilisipin =1 DiriS2piz =1
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Sinkhorn-Knopp Algorithm

* Alternately rescale all rows and columns
of a matrix P to sum to 1

» Commonly used to compute
(Wasserstein distance)
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Revisit Matrix Balancing jicmi2017]

P11 P12 Pas

P21 P22 P23

P31 P32 P33
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https://arxiv.org/abs/1702.08142

Introduce n

I11 M2 113
P11 P12 Pas
'721,021 P22 P23
[31
P31 P32 P33
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Introduce n

@\ [|4 [l:s
P12 Pi3

11
,721,021 P22 P23
l31

P31 P32 P33
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Introduce n

f]11 M2 13
P11 P12 Pas
@\21 P22 P23
,031 P32 P33
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Introduce n

11 M2 13
P11 P12 Pas

,721,021 P22 P23

I31

31 P32 Ps3
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Introduce n

3 2 1
@), @), @),

2

@21 P22 P23

@31 P32 P33

1
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Introduce 6

Oj=logpj
P11 Pz P13 - log pj-1j - log pij-1
T log pj-1j-
P21 P P
21 22922 23923
P31 P32 932,033 0,
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Introduce 6

0= logpj
P11 Pz | P13 - log pj-1j - log pij-1
tlog pj-1j-1
P P 23
T 10,) 62
P31 P32 932'033 Oas
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Introduce 6

P11

P21

P31

P12

P13

P22 QMPZ@

P32

0;

P33
2

633

0g Pj;
0g Pj-1j - log pjj—1
0Q Pj-1j-1
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Introduce 6

0= logpj
P11 Pz P13 - log pj-1j - log pij-1
tlog pj-1j-1
P P22 P23
21 2 922 9 ,
P31 | P32 954,03 O
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Balancing as Constraints on nand ¢

Q9.6
11 12 13 - 09,0;—1j—|09,01j—1

@ --------------- T log pj-1j-
21 Matrix balancing <

i Pzz
1 | ‘@ ‘@
@ i Satisfy Njn =Mj=3-i+1
31 | P33 with keeping all 0}
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Natural Gradient

* Given P € R™", introduce (6, n) as

l0g pi; =D, D6k, 1ij =D, ), Pui

k<il<j k>il[>j
» Letl ={11,12,..,1n,21,..,n1}, 6 = (6),_,, n = ().,
- Using G € RIXI g t,

8(ij)(kl) = Mmax{ik} max(j,l} — 7ij7ki, update formulais
Onext =0 — G (n— Neorrect)
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Results on Hessenberg Matrix

- 106

9O . 8 | 8 0° ¢

5 ' 06 YA %’ 0% - A N

8 10°- A . A5/> x1000

5104 AL w0 X 5102 - faster

$1024° 8 £100 - ®/ % BNEWT
_____ C

£ OO_O-O 0-0-0-0-0 € 10-2 A\ Sinkhorn

: 000 2

100 500 5000 100 500 5000
n n
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Introduce Partial Order Structure

P11

P21

P31

P12

P22

P32

P13

P23

P33

(p(S), Bs, ns)
O>O>©/
Y VvV ¥
— (O>O>0O
Y VvV ¥
O>O>0O
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Partially Ordered Sets (Posets)

ola.b.ct 5 Network

{a,b}{a,c}{b,c}




Incidence Algebra

is defined over a (S, <)
- (Closed) Interval [a,b] ={s € S| a <5 < b}

« Members of the incidence algebra are
functions f(a, b) from intervals [a, b] to a scalar with

(f +g)a,b) = f(a,b) + g(a,b)
(fg)a,b) = Z f(a,x)g(x,b) (convolution)

a<x<b
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Analogy to Matrix Multiplication

» For [a, b], define £, g € Rllabll 35

f(a,a)] g(a,a)]
J= : , 9= :
f(a,b) g(b,a)_
* For fand g,

(fe)a,b)=f'g
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Special Elements

0 function o;
1 ifa=0>b
o(a,b) = z 0 otherwise
0 function ¢: (integral)
1 ifa<b
c(a,b) = { 0 otherwise

. function :¢u=3 (differential)
13/41



Mobius Inversion Formula

* Given a poset S, for any functions f,g : S - R,
the IS given as

%

\

g(x) =) (s, x)f(s) =D {(s,x)f(s) = ), f(s)

seS s<S s<Xx

Fx) =) uls,x)g(s) = D, uls, x)g(s)

SES s<S
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E.g.1: Inclusion-Exclusion Principle

|AuBUC|= |A|+|B|+|C|-|AUB]|
|AuC| - |BuC|+|AnBNC]|

fX)=|X] 9g(X) = |X\UY|
00 = Tyar g0 S
_Q(X)—Zysx Y.X) f(Y) @
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E.g.2: Divisibility

» Divisibility poset: a < b < b|a (a divides b)
* The Mobius function: n = b/a and

(n) = (=1)* if n = pp, ... pi for k distinct primes
S otherwise
- u(a,b) = u(bla), the Mobius function in number theory
* The ¢ is given by
1/¢(s) = anl u(n)/n
16/41



Log-Linear Model on Poset [icmL2017]

» For probability p:S — (0, 1) with 3, _. p(x) =1,
introduce 6 and » as

6, = ZSES s, x)log p(s),
IEDIMIERIOED IO

* From the Mobius inversion formula, iS:
log p(x) = ZSGS S, X)05 = Zm Os
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https://arxiv.org/abs/1702.08142

Log-Linear Model on Poset

(0(x), Ox, Nx) O"O"O
vV v

:
(0>
¥ ¥ ¥
O-O~0O
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Log-Linear Model on Poset

VoYY
1020L{@
SRS

l0gp(X) = Y s<x Os O>O>O)
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Log-Linear Model on Poset
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Exponential Family

* The log-linear model on posets belongs to
the

* 0: Natural parameter
* 7. Expectation parameter
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Binary Log-Linear Model [aAAA12019]

2{a,b,c} (= Boltzmann machine)

{a,b}{a,c}{b,c}
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https://arxiv.org/abs/1906.12063

Binary Log-Linear Model [aAAA12019]

(= Boltzmann machine)
logp(x) = 2 s<x Os
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https://arxiv.org/abs/1906.12063

Binary Log-Linear Model [aAAA12019]

{0, 1}3 (= Boltzmann machine)

po
11001-011
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https://arxiv.org/abs/1906.12063

Binary Log-Linear Model [aAAA12019]

{0, 1}3 (= Boltzmann machine)
0\1 = 10gp(x) = Fsex s
~TRNTEO 11 = =+ 20X+ 210Xt
":‘b'ﬁi()}/@:l For x with xs = = = x; = 1,
'(" = ZSZX pP(s)
0000 | = Elnexid = Prixa == xp= 1)
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https://arxiv.org/abs/1906.12063

Dually Flat Structure

* Lety(0) = -6(L) (convex, )
P(0) > $(n) = ), p(x)log p(x)
xXeS
* (¥(0), ¢(n)) leads to (6, 7):

VI =7, (O =7,

9
V() =6, Ecﬁ(n) = 0y
22/41



Riemannian Metric (Fisher Information)

0

3%, 6, Ny = D C(x,8)C(y,8)p(s) = 1x7),

SES

lP(@) 30 @

o 0
() = —@ = s,%)(s,y)p(s)™!
07 x 577y¢ P SEZS P

6? log p(S)Ty log p(s) | = 6(x, y)
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Riemannian Metric (Fisher Information)

E, @logp(s)—logp(S) = > (x,5)(y,8)p(s) — Nx7y

SES

0
Es | 5— |09p(S)—|09p(S) = Y uls,x)u(s,y)p(s)~?
07)x 47y

SES

Eq _@ log p(S)—y log p(s)_ = d(x,y)
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Mixed Coordinate System

* Many problems are formulated as

P=(061,02 .., 0i-,0i 0+, ..., 6,') — e-projection
(MLE)

Q=(m, Nz ..., Ni=1,:6i, Bi+1, ..., ) &
m-projection

R=(n1, N2, ..., Ni-1,:0i, Ni+1, ey Nn)

Pythagorean theorem: (Q is always unique)
KL(P, R) = KL(P, Q) + KL(Q, R)
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Mixed Coordinate System (Example)

* Many problems are formulated as

P=(0,0,..,0 ,i0,0 ,.., 0! ->>Uniform dist.
Q=(M, N2, ..., Ni-1,,0,0 ..., 01)

R= (.M, N2, ..., Di-1,:0i, i+, ..., fn )->»Empirical dist.

Pythagorean theorem: (Q is always unique)
KL(P, R) = KL(P, Q) + KL(Q, R)
26/41



Two Submanifolds

4
Q =( 2,...,11i—1, Oi 9/+1, ,9 ) .
IS Fix
; \ /O/ (01,02,...,0i-1,0i,0i+1,...,6,)

e-projection
,‘\ _ MLE (Model manifold)

Fix
OR = (n1,N2,...,ni=1,Ni;Ni+1,...,Nn) (Data manifold)
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Gradient methods for e-projection

* e-projection is convex optimization

0 (first-order):
Onext < 0 —&(n — 7A7target)
0 (second-order)

Onext < 0 =G (n— ﬁtarget)
- G is Fisher information matrix w.r.t. 6

. [IBIS2019]
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Boltzmann Machine Training

Boltzmann space 111T
machine
110071010

1000 01006

0000
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Boltzmann Machine Training

,’S’é'rﬁb'fé -------------------------
Boltzmann ispace 11T
machine :‘

D
[l
-

1160 101 p=p

29/41



Matrix Balancing

3x3 matrix

as poset: O-»Q-»O N=3-i+1

--------

\ﬁ---— | YRR —
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Legendre Decomposition [NeurIPs 2018}

3x3x3 tensor
as poset:
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https://arxiv.org/abs/1802.04502

Legendre Decomposition [NeurIPs 2018}

3x3x3 tensor -
as poset:

6

0
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https://arxiv.org/abs/1802.04502

Introducing Hidden Variables in BM

odl

110071010

1000 0100

0000
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Introducing Hidden Variables in BM

Sample;
BM with  space i1l
hidden variables :
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Introducing Hidden Variables in BM

--------------------------------

BM with  space 11:
hidden variables
11140

D
|
-

|_I
|_I
©)
©)
=,
©
o
©)
S
1
-

5 KNeed to estimate
000 a EM—>»nonconvex
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Introducing Hidden States

Sample
Boltzmann space 11llT
machine
1100 1010

1000 0100

0000
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Introducing Hidden States

Sample
Boltzmann space 11T
machine
1100711010
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Introducing Hidden States

Sample
Boltzmann space 11T
machine \OC (S

O Optimization is

S
. N

till convex!
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Introducing Hidden States

llllllllllllllllll

N

llllll

llllllllll

-
c
©.C
& c
O
S5 ©
O &
m
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Blind Source Separation [arxiv]

Mixing Source Received

37/41


https://arxiv.org/abs/1909.11294

Blind Source Separation [arxiv]

Mixing Source Received

------------------------

A U4

\~---——-------—— -------

37/41


https://arxiv.org/abs/1909.11294

Results of BSS

i
Rece.vedh;ﬂ;é

Reconst. r' L

Source
Method RMSE

IGBSS  0.27032
FastICA 0.43630
NMF 0.62195
DicLearn 0.37167

38/41



Relationship to Homology

« Mobius function is Euler characteristics

« Consider A(S)of aposetSwith L, T €S
(i) Vertices of A(S) are elements of S
(i) Faces of A(S) are chains of S

* For the Y (A(S)),

u(L, T) = x(A(S)) +1
- Two spaces are

= Euler characteristics are the same
39/41



Summary: Recipe for Poset-LogLinear

1. Treat the target as a

2. Introduce the

3. Formulate the objective as
4. Solve it by a

(This slide isat https://mahito.nii.ac.jp/)
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https://mahito.nii.ac.jp/
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