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Approximates with a linear combination of fewer bases (principal components) for feature
extraction, memory reduction, and pattern discovery. )
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Approximates with a linear combination of fewer bases (principal components) for feature
extraction, memory reduction, and pattern discovery. )
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Non-negative constraint improves interpretability
Low-rank approximation with non-negative constraints are based on gradient methods.
— Appropriate settings for stopping criteria, learning rate, and initial values are necessary @)



Modeling with probability mass function on Directed
Utilize projection theory of information geometry.
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Contribution

Information Geometric Analysis using Distributions on DAGs that Correspond to Data Structures

LTR: Faster Tucker-rank Reduction
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Contribution

Information Geometric Analysis using Distributions on DAGs that Correspond to Data Structures

LTR: Faster Tucker-rank Reduction | L] ATGM: Faster rank-1 missing NMF

P P
I w1 hl hz h3 h4 h5 h6
K L o
K ~ 0
C N Ws
I ~ ~ - o
]\/ /B Missing value
M
L M N
P = ﬁijk — 2 Z EQijkAilBijkn Find the most dominant factor rapidly.
I=1 m=1n=1 Solve the task as a coupled NMF.

rank(P) = (L, M, N)

Rank-1 = rank(1,1,1)

No worries about initial values, stopping criterion and learning rate H




Motivation, Strategy, and Contributions

Introduction of log-linear model on DAG

The best rank-1 approximation formula The best rank-1 NMMF

Legendre Tucker-Rank Reduction(LTR) A1GM: faster rank-1 missing NMF

O github.com/gkazunii/Legendre-tucker-rank-reduction O github.com/gkazunii/ATGM

Theoretical Remarks

Conclusion
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Modeling tensor and matrix

Flexible modeling is required to capture the structure of various data
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Formulate low-rank approximations with probabilistic models on DAGs 13




Log-linear model on Directed Acyclic Graph (DAG)

[DDAG(poset) S is a DAG & for all s4,5s,,53 € S the following three properties are satisfied.

(1) Reflexivity : s; <s; (2) Antisymmetry: s; <s,,5, <s; = s, =5, (3)Transitivity:s; < s,,5, < 53 = 5, < 53

Mahito Sugiyama, Hiroyuki Nakahara and Koji Tsuda
"Tensor balancing on statistical manifold%2017) ICML.
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(1) Reflexivity : s; < s; (2) Antisymmetry: s; <s,,5, <s; =5, = 5, (3)Transitivity:s; < s,,s, < 53 = 51 < 53

[ I log-linear model on DAG
We define the log-linear model on a DAG S as a mapping p:S — (0,1) . Natural parameters 6 describe the model.

po(x) = exP[Z 8(5)], xeS

s<x
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Log-linear model on Directed Acyclic Graph (DAG)

CODAG(poset) Sis a DAG < for all s1,s,,s5 € S the following three properties are satisfied.

(1) Reflexivity : s; <s; (2) Antisymmetry: s; <s,,s, <s; = 51 =5, (3)Transitivity:s; < s,,5, < 53 = 5; < S5

[ I log-linear model on DAG
We define the log-linear model on a DAG S as a mapping p: S — (0,1) . Natural parameters 6 describe the model.

pe(x) = exP[E 8(5)], x€S

s<x

We can also describe the model by expectation parameters 17 with Mdbius function.

nx) = ZP(S), py(x) = Zﬂ(x, s)n(s)- Moébius function —

s>Xx seS
0-space QKSS) n-space | $3) P -xgyy(xﬁ) ifx <y
* P * p ’ 1 ifx=y
0 otherwiese
> 0(s1) »7(51) 51,52,53 € S

Mahito Sugiyama, Hiroyuki Nakahara and Koji Tsuda
0(s,) n(s2) "Tensor balancing on statistical manifold(®017) ICML.




Motivation, Strategy, and Contributions

Introduction of log-linear model on DAG

The best rank-1 approximation formula The best rank-1 NMMF

Legendre Tucker-Rank Reduction(LTR) A1GM: faster rank-1 missing NMF

O github.com/gkazunii/Legendre-tucker-rank-reduction O github.com/gkazunii/ATGM

Theoretical Remarks

Conclusion
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Introducing DAGs for Tensor

NN

N\

P(k, l, m) = eXP[ E Bstu] ’

(s,t,u)<(k,I,m)

Nkim = E p(s, t, u).

(kI m)<(s,t,u)
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Describe a tensor with (0,n)

P(k, l, m) = eXP[ E Bstu] ’

(s,t,u)<(k,I,m)

N

AN

Nkim = E p(s, t, u).

(kI m)<(s,t,u)

N

/
122 4
/
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Describe a tensor with (0,n)

P
s
T p(k,l,m):exp[ D esm],
/ (s,t,u)<(k,I,m)
//
122 / % Nkim = E p(s, t, u).
/ (kI m)<(s,t,u)

po(1,2,2) = exp(O111 + O112 + O121 + O122),
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Describe a tensor with (0,n)

S LS
s p(k,1,m) = exp[ Z BStu],
// (s,t,u)<(k,I,m)
d
122 // Nkim = E p(s, t, u).
/ (kI m)<(s,t,u)

po(1,2,2) = exp(O111 + O112 + O121 + O122),

Pq(lf 2,2) = M122 — N222 — M123 — M132 + N232 + N133 + 1223 — 1233

Mobius inversion formula
G k)= D) ui
P\t ], Hijk Tlstu

(s,t,u)
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Describe a tensor with (0,n)

S LS
s p(k,1,m) = exp[ Z BStu],
// (s,t,u)<(k,I,m)
d
122 // Nkim = E p(s, t, u).
/ (kI m)<(s,t,u)

Pia = Po(1,2,2) = exp(O111 + O112 + O121 + O120),
P12 = pn(1,2,2) = n122 — N222 — M123 — M132 + 1232 + M133 + 1223 — 11233

P, K = D5 i,

Mobius inversion formula
[ (s,tu) ]
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Describe a tensor with (0,n)

S LS
S LS P p(k,1,m) = exp E Ostu |,
/ (s,t,u)<(k,I,m)
d
122 // Nkim = . E P(S, t,u).
rer S ;t’
/ (k1 m)<(s,t,u)
P = Po(1,2,2) = exp(O111 + O112 + O121 + O122),
P12 = P(1,2,2) = 122 — 222 — M123 — M132 + 232 + M133 + 7223 — 11233
Relation between distribution and tensor M@bius inversion formula
Random variables : i, j, k, indices of the tensor pn(i, j, k) = E P?]?I?nstu
Sample space . index set (s.tu)

Probability values : tensor values 7,
25




One-body and many-body parameters
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O One-body parameter () Many-body parameter
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f-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.
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f-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.
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611 Rank-1 subspace Q

Q is e-flat. The projection is unique.

O One-body parameter () Many-body parameter
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f-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

e e o e . o — —— ——

611 Rank-1 subspace Q

Q is e-flat. The projection is unique.

O One-body parameter () Many-body parameter

We can find the projection destination by a gradient-method.
But gradient-methods require Appropriate settings for stopping criteria, learning rate, and initial values @
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f-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

" Rank-1 subspace Q

Q is e-flat. The projection is unique.

O One-body parameter () Many-body parameter

We can find the projection destination by a gradient-method.
But gradient-methods require Appropriate settings for stopping criteria, learning rate, and initial values @

‘ Let us describe the rank-1 condition with the n-parameter. -




n-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

- Rank-1 condition (1- representation) 1

e e P ——— —— — — —— — — — — — —

011 Rank-1 subspace Q

Nijk = Ni11N1j1M11k

O One-body parameter () Many-body parameter

Nijk 1-parameter before the projection.
ﬁi]-k . 1)-parameter after the projection.
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n-representation of rank-1 tensor

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

- Rank-1 condition (1- representation) 1

Nijk = Ni11N1j1M11k

O One-body parameter () Many-body parameter

Nijk 1-parameter before the projection.
ﬁi]-k . 1)-parameter after the projection.

The m-projection does not change one-body n-parameter
Shun-ichi Amari, Information Geometry and Its Applications, 2008, Theorem 11.6
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Find the best rank-1 approximation

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

- Rank-1 condition (1- representation) 1

77ijk = ﬁillﬁljlﬁllk

O One-body parameter () Many-body parameter

Nijk 1-parameter before the projection.
ﬁi]-k . 1)-parameter after the projection.
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Find the best rank-1 approximation

- Rank-1 condition (@-representation) -

Its all many-body 8-parameters are 0.

- Rank-1 condition (1- representation) 1

77ijk = ﬁillﬁljlﬁllk
= Ni11N1j1MN11k

O One-body parameter () Many-body parameter

Nijk : 1-parameter before the projection. | Mbius inversion formula

rll.].k . 1)-parameter after the projection. Pr](ir j, k) = E H?]?]?ﬂstu
(s,t,u)

All n-parameters after the projection are identified.
Using inversion formula, we found the projection destination. ”




Mean-field approximation and rank-1 approximation

Best rank-1 tensor formula for minimizing KL divergence (d = 3)

I><]><K

The best rank-1 approximation of P € R IS given as
I ] \
P = Z 2 q)z]’k’ E E P Z E Piik
J=1k'=1 k'=11"= J\i'=1=1 )

which minimizes KL divergence from P.

We reproduce the result in K.Huang, et al. "Kullback-Leibler principal component for tensors is not NP-hard." ACSSC 2017
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Mean-field approximation and rank-1 approximation

Best rank-1 tensor formula for minimizing KL divergence (d = 3) —— _ By the way,
Frobenius error

I><]><K minimization

The best rank-1 approximation of P € R IS given as < NP-hard
I ] \
P = Z 2 q)zJ’k’ E E P Z E Piik
J=1k'=1 k'=11"= J\i'=1=1 )

which minimizes KL divergence from P.
We reproduce the result in K.Huang, et al. "Kullback-Leibler principal component for tensors is not NP-hard." ACSSC 2017
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Mean-field approximation and rank-1 approximation

Best rank-1 tensor formula for minimizing KL divergence (d = 3) —— _ By the way,
Frobenius error
I><]><K minimization
The best rank-1 approximation of P € R IS given as - NP-hard
(Pijk = 2 2 q)l]'k' E E Pijr 2 E Piy
J=1k'=1 k'=11"=1 J\7'=1/,=1
Normalized vector Normalized vector Normalized vector
depending on only i depending on only j depending on only k
which minimizes KL divergence from P.
We reproduce the result in K.Huang, et al. "Kullback-Leibler principal component for tensors is not NP-hard." ACSSC 2017

A tensor with d indices is a joint distribution with d random variables.
A vector with only 1 index is an independent distribution with only one random variable.
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Mean-field approximation and rank-1 approximation

q)ijk =

The best rank-1 approximation of P € R

2 Z q)zf’k’

/=1 k'=

I><]><K

E Z@Uk’

k'=11"=1

is given as

Best rank-1 tensor formula for minimizing KL divergence (d =3) ——

ZE‘P

J\i'=1=1

Normalized vector
depending on only i

Normalized vector
depending on only j

which minimizes KL divergence from .

Normalized vector
depending on only k

We reproduce the result in K.Huang, et al. "Kullback-Leibler principal component for tensors is not NP-hard." ACSSC 2017

By the way,
Frobenius error
minimization
is NP-hard

A tensor with d indices is a joint distribution with d random variables.
A vector with only 1 index is an independent distribution with only one random variable.

Rank-1 approximation approximates a joint distribution by a product of independent distributions.

Mean-field approximation : a methodology in physics for reducing a many-body problem to a one-body problem.

38



Mean-field approximation and rank-1 approximation

MFA of Boltzmann-machine

1 1 1
p(X) = Z(O) exp [Z Hl-xl- + Z Hijxixj] N = Z xip(x)
i x1=0

i<j

Xn=0
Bias Interaction
Dg1(p, D)
/_________]'______7
/ /
/ /
/ - /ﬁ /
/ /
ﬂ,, —_— ﬂ /
/_/_ i/______ -———__/

39




Mean-field approximation and rank-1 approximation

MFA of Boltzmann-machine

1 a 1
p(X) = Z(B) exp 2 Hl-xl- + 9'1 in] N = Z Z xip(x)
| i <] 1= =

Bias Interaction

= Z(10) exp Zeixi] = p(xq) .. p(xn)
| W p
D1 (p,P)
, /
// . ,ﬁ ya
/ 4
L G=0

40




Mean-field approximation and rank-1 approximation

MFA of Boltzmann-machine

p(x) = Z(10) exp [2 0;x; + Z Bijxixj] n; = i Z x;p(x)

i<j

Bias Interaction

Dy (Pe, P),' p

i L\/‘Iszr:jduze‘ltlf ; gkjﬁk> ,:I D KL (p) ﬁ)
)L xo@n
/ ’ /ﬁ v y
/ e v
/ /ﬂ =0 p/ g
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Mean-field approximation and rank-1 approximation

MFA of Boltzmann-machine

_ Dk1,(De, )/ P
MF equations N Dy (, D)

)
1; = sigmoid (9 + z Bk]nk) ! Zn
[ [ //
/

o

Rank-1 approximation

Po(i,j, k) = exp Z Z Z iy | M= Z Pigi

i'=1j'=1k'= J=1k=1
—> M-projection w
- - > e-projection Dy (p, ﬁ)

ST T T - -y -7

/ j J/
/ J/
/ - ~ /7
/' J/
P,

7.

L_________ AR es——

Set of products of independent distributions
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Mean-field approximation and rank-1 approximation

MFA of Boltzmann-machine

_ Dk1,(De, )/ P
MF equations N Dy (, D)

)
1; = sigmoid (9 + z Bk]nk) ! Zn
[ [ //
/

o

Rank-1 approximation

C omputable

2 ?U/kl

jl=1k'=1

p@(l ] k) = exp Z Z Z Hl']’k' Ni11 =

i'=1j'=1k'=

17
Dg1(p, D)
/""""'7’(}(}]:2(")

/ _
// ' /
/ p 4
_— /
7. g

L_________ AR es——

—> M-projection
- - > e-projection

Set of products of independent distributions
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Mean-field approximation and rank-1 approximation

Minimizing KL divergence Minimizing inverse-KL divergence

m-projection e-projection

Mean-field Impossible n;, =0 (ei + z ijnk>
Approximation k
of BM 0 (Zn)
Projection onto : .
e-flat space unique not unique
Rank-1

approximation

Projection onto Closed-formula
e-flat space unique
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Motivation, Strategy, and Contributions

Introduction of log-linear model on DAG

The best rank-1 approximation formula The best rank-1 NMMF

Legendre Tucker-Rank Reduction(LTR) A1GM: faster rank-1 missing NMF

O github.com/gkazunii/ Legendre-tucker-rank-reduction O github.com/gkazunii/ATGM

Theoretical Remarks

Conclusion
45 12:00




Formulate Tucker rank reduction by relaxing the rank-1 condition
|— Rank-1 condition (8-representation)

rank(P) = 1 & its all many —body 0 parameters are 0

Expand the tensor by focusing on the m-th axis into a rectangular matrix 6™
(mode-m expansion)

46



Formulate Tucker rank reduction by relaxing the rank-1 condition

Rank-1 condition (8-representation)
|_ rank(P) = 1 & its all many —body 0 parameters are 0

Expand the tensor by focusing on the m-th axis into a rectangular matrix 6™
(mode-m expansion)

-0111 0121 0131 0112 0 0 6113 0 0
oW =1[6,,;, O 0 0 0 0 0 0 0
0311 O 0 0 0 0 0 0 0
-0111 9211 9311 0112 0 0 9311 0 0
6@ =16,,;, 0 0 0 0 0 0 0 0
0131 O 0 0 0 0 0 0 0
-9111 9211 9311 9121 0 0 6131 0 0
03 =[6,,, 0 0 0 0 0 0 0 0
6113 0 0 0 0 0 0 0 0
Rank (1,1,1) 47



Formulate Tucker rank reduction by relaxing the rank-1 condition

Rank-1 condition (8-representation)
|_ rank(P) = 1 & its all many —body 0 parameters are 0

Expand the tensor by focusing on the m-th axis into a rectangular matrix 6™
(mode-m expansion)

0131 0112 0 0 9113 0 0

0 0 0 0 0 0+

o o0 o 9 g o g,| 'wobingos

0311 9112 0 0 9311 0 0

0—0—0—0—0—0"0" -
Two bingos

A A A N N A ANS

|V \VJ \VJ \V) \V) \VJ \V B

0311 0121 0 0 9131 0 0

—0—0—0—0—00- :
Two bingos

— 06— 0 0 0 0 0+

Rank (1,1,1) 48



Formulate Tucker rank reduction by relaxing the rank-1 condition

Rank-1 condition (8-representation)
|_ rank(P) = 1 & its all many —body 0 parameters are 0

Expand the tensor by focusing on the m-th axis into a rectangular matrix 6™
(mode-m expansion)

[The first row and first column are the scaling factors]

L
9131 9112 0 0 9113 0 0
— 0 0 0 0 0 0
o o0 o 9 g o g,| 'wobingos
0311 9112 0 0 9311 0 0
0—0—0—0—0—0"0" -
Two bingos
A A A N N A ANS
|V \VJ \VJ \V) \V) \VJ \V B
0311 0121 0 0 9131 0 0
—0—0—0—0—00- :
Two bingos
—0 —0—0 000
Rank (1,1,1) 49



9(1) =

9(2) =

9(3) =

The relationship between bingo and rank

8111

6211

10311

8111

8121

10131

9111

9112

10113

0121 0131 6112 O 0 6113 O 0 1
0 0 0 0 0 0 0 0 » One bingo
0321 0331 0312 0322 0332 0313 0323 9333J
O211 0311 6112 0 O35 6311 0 6313
0 O3 O 0 O3, 0 0 0323 No bingo
0 O3 O 0 O3, O 0 0333
0211 0311 6121 0 O35 6131 0 O3y
0 63, O 0 63, 0 0 033 No bingo
0 O35 O 0 O33 0 0 333
Rank (2,3,3)



9(1) =

9(2) =

9(3) =

The relationship between bingo and rank

8111

6211

10311

0111

8121

10131

9111

9112

10113

0121 0131 6112 O 0 6113 O 0 }

0 0 0 0 0 0 0 0 » One bingo 9123
9321 9331 6312 6322 6332 6313 6323 9333J A P | tt

Nnput tensor

0211 9311 6112 0 9312 9311 0 6313- —

0 031 O 0 032 0 0 323 No bingo DKL(P’_?) _

O 9331 0 0 9332 O O 6333_ m'prOJeCtlon
0211 9311 9121 0 9321 9131 0 9331-

0 63, 0 0 63, 0 0 65, Nobingo

0 9313 0 0 9323 0 0 9333_

Rank (2,3,3)

Subspace with one bingo in the mode-1 direction B(1)

51



9(1) =

g(2) =

g3 =

The relationship between bingo and rank

9111

8211

10311

6111

8121

10131

9111

9112

10113

9121 9131 9112 0 0 9113 0 0 “
—0 0 0 0 0 0 0 0 » One bingo 0121
9321 9331 6312 6322 6332 6313 6323 0333J A P | tt
Nnput tensor

0211 0311 6112 0 0312 9311 0 6313- —

0 O3 O 0 32 0 0 0323 No bingo DKL(P’_?) _

0 9331 O O 9332 0 0 0333_ m-pI‘OJeCtIOI’l
9211 9311 8121 0 9321 9131 0 9331-

0 0312 0 0 9322 0 0 0332 No bingo

0 0313 0 0 6323 0 0 0333_

Rank (2,3,3)

The mode-k expansion 6% of the natural parameter of a tensor P € R;"2** has by, bingos

— Bingo rule (d = 3)

Subspace with one bingo in the mode-1 direction B(1)

= rank(P) < (I; — by, I, — by, I3 — b3)

I1xI,

52



Example: Reduce the rank of (8,8,3) tensor to ( ,8,3) or less

STEP1 : Choose a bingo location.

53
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STEP1 : Choose a bingo location.
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Example: Reduce the rank of (8,8,3) tensor to ( ,8,3) or less

STEP1 : Choose a bingo location.

STEP2 : Replace the bingo part with
the best rank-1 tensor.

The shaded areas do not change their values in the projection.
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Example: Reduce the rank of (8,8,3) tensor to ( ,8,3) or less

STEP1 : Choose a bingo location.

STEP2 : Replace the bingo part with
the best rank-1 tensor.

Replace the partial tensor in the red box using the best rank-1 approximation formula
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Example: Reduce the rank of (8,8,3) tensor to ( ,8,3) or less

- 6 can be any

D 0 is zero

STEP1 : Choose a bingo location.

STEP2 : Replace the bingo part with
the best rank-1 tensor.

Replace the partial tensor in the red box using the best rank-1 approximation formula
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Example: Reduce the rank of (8,8,3) tensor to ( ,8,3) or less

- 6 can be any

D 0 is zero

STEP1 : Choose a bingo location.

STEP2 : Replace the bingo part with
the best rank-1 tensor.

Replace the partial tensor in the red box using the best rank-1 approximation formula

The best tensor is obtained in the specified bingo space.
There is no guarantee that it is the best rank (5,8,3) approximation. 53




Example: Reduce the rank of (8,8,3) tensor to ( , ,3) or less

STEP1 : Choose a bingo location.

STEP2 : Replace the bingo part with
the best rank-1 tensor.

L
7

d
7

The shaded areas do not change their values in the projection.
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Experimental results (synthetic data)

(a) Random (30,30,30,30,30) tensor (b) Target rank (10,10,10)
A 5 —— LTR(proposed) @
. . ) —~ 10 | _
U = =T ‘ D 102 -V NTD_LS i
g 1015 v ¥ ‘ L —/— |raSNTD 5
12 Al =& O . _ :
£ g’éﬂj\?ﬁr? 5 1475, | S 100 ﬁ
A | @) i
210 9 | £ 107} #
c T 1450} | c L. @
= T e B By O Sl .
o 89S a8y 1425g-gp-pEEgg-g-g-g  1073[ 0l —mE |
2 4 6 8 10 12 2 4 6 8 10 12 203 1003 300° 10003 20° 100° 300° 10003
Tensor rank Tensor rank Tensor size Tensor size

LTR is faster with the competitive approximation performance. o0




Experimental results (real data)

(c) AttFace (92, 112, 400)

Running time (sec.)

101.0&‘ m"a___aqaﬂ'

) ﬁ““ﬂ
P

e
!
&

L W -0— e aaar
102103 10% 10°

Size of core tensor

| - .
@]
& A
5 350 .
9 ~d
3007 T B '5"""& g s
,/
s ae
102 10° 107 10°

LTR is faster with the competitive approximation performance.

Size of core tensor

(d

Running time (sec.)

—>— LTR(proposed)

-+ NTD KL
.- NTD_LS
—/— |raSNTD
) 4DLFD (9, 9,512,512, 3)
e R T B X
1025 5.50x 105 A ":S@
.\ ’ -
N
5.00% 105 N 4
E .
1029 - _ O 450x10° | I
g A E i A J
AT_ i ‘-E—-L'iﬁ_l_ @ 4.00x10° i /A I
101-53"//1;1_'{ b D ssoxaos 1/ \'\ /i
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1 4
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- — 08— V5. _ o0 Gk . €= {7 .. 77

100 1000 10000
Size of core tensor

100 1000 10000
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Motivation, Strategy, and Contributions

Introduction of log-linear model on DAG

The best rank-1 approximation formula The best rank-1 NMMF

Legendre Tucker-Rank Reduction(LTR) A1GM: faster rank-1 missing NMF

O github.com/gkazunii/ Legendre-tucker-rank-reduction o github.com/gkazunii/ATGM

Theoretical Remarks

Conclusion
62  16:40




Strategy for rank-1 NMF with missing values

Collect missing values in a corner of matrix to solve as coupled NMF

Missing value

D(®@oX,®0(weh))

f

Element-wise product ®;; = {0 If X;; is missing

1 otherwise
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Strategy for rank-1 NMF with missing values

5

(|

=)

SRR
SR

Missing value

D(®@oX,®0(weh))

f

Element-wise product ®;; = {0 If X;; is missing

1 otherwise

12

Collect missing values in a corner of matrix to solve as coupled NMF

NMMF (Takeuchi et al., 2013)

w1 | |hy | hy h3- w1 ||hy | hy| hs| w1 -
w; Equ"valent X Z @2 it

Ws ~ w3 w3

Wy ay | |hy |hy| hs

(1 Y as

We as

. e (X.Y.Z)

DX, w®h)
+D(Y, a® h)+D(Z, w ® b)

/
,
>0
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NMMF, Nonnegative multiple matrix factorization (Takeuchi et al., 2013)

artist user artist user
— . w]_ hl hz h3 — wl b1 bz b3 w1h1 w1h2 w1h3 wlbl w1b2 w1b3
(¢b) (<))
%] X Z 3 wy 0| W7 Wyl |wah | wohs | |waby |w,oby [wabs
- = -
W3 . (L% wahy|wahy|wihs | Jwsby |wsby (wsbs
o~ artist =
a, h]_ hz h3 arhy [a1hy aihs
0 o
-l‘B Y _S as ayhy | azhy |azhs
as azhy | ashy |ashs

DX, w®h)+aD(Y,a®h)+ D(Z, w®b)




The best rank-1 approximation of NMMF

user

tag

artist user artist user
_ W1 hy|hy| h3|_|w1]||by | by| b3 Wty | wihy [y | [wyby w1 b, [, b
(<)
X Z % w2 2] wz thl thz th3 wal waz wa3
> w = w hy|wshy|wsh by |wsb, |wsb
3 . 3 Walty| Wally | W3l 3 | W30 | W30, |W305
o~ artist —
a, h]_ hz h3 arhy [a1hy aihs
o
Y © |42 azhy | azhy |azhs
e
as ashy | azhy | ashs

DX, w®h) + aD(Y,a®h) + BD(Z, w @ b)

The best rank-1 approximation of NMMF
For given X € R2Y, Y € RY)Y, and Z € RZM the best rank-1 NMMF is given as

=
=
|

A/ \ E-_ Yn'
w; = S(X) 1 Z xij + ﬁz Zin = = /
SX)+pS@) | A Vs

(1 N
\/ 3
j = S(X) 3 2 Xi]' + (Xz Yn]' bm =1
5(X) +a5(Y) =1 n=1 VS(X)

5(X) is sum of all elements of X.

"
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Modeling of NMMF

Xo = po(2,2) = exp(011 + 01 + 015 + O2)

X2 = Pp(2,2) = N2 =123 — N3z + 133

O—0O—0
Pe(kzl)=exp[ Z Qst]; M = Z p(s, t).

(s,5)<(k,]) (kD<(s/t)

67




One-body and many-body parameters

(X,Y,Z) is simultaneously rank-1 decomposable. < It can be writtenas (W @ h,a @ h,w Q b).

O One-body parameter O Two-body parameter

Qi . . (X,Y,Z)
A]

> Bil
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Information geometry of rank-1 NMMF

(X,Y,Z) is simultaneously rank-1 decomposable. < It can be writtenas (W @ h,a @ h,w Q b).

O One-body parameter O Two-body parameter

- Simultaneous Rank-1 @-condition - 0, X.\Y.,Z)
A
Its all two-body 6-parameters are 0. D(Xb(zf(@’%h) DEZ wb)
+D(Y, a +D(Z, w
A~ T T T T
// //
/
a /'/’61’1
 /(w®ha®hweb)/
Y J/
4 /

e —— - —— ————————— —— ———

Simultaneous rank-1 subspace Q
1j
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Information geometry of rank-1 NMMF

(X,Y,Z) is simultaneously rank-1 decomposable. < It can be writtenas (W @ h,a @ h,w Q b).

O One-body parameter O Two-body parameter

- Simultaneous Rank-1 @-condition -

Its all two-body 6-parameters are 0.

- Simultaneous Rank-1 n-condition

Nij = Ni1MN1j

/

/

6; ¢(X.Y.Z)
i DX, w®h)
+D(Y, a® h)+D(Z, w ® b)
/’ 2 A
/’/ /'/; O

/ ’
y (w®h,a®h,w®b)/

/

e —— - —— ————————— —— ———

1j

Simultaneous rank-1 subspace Q

Q is e-flat. The projection is unique.
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Find the global optimal solution of rank-1 NMMF

(X,Y,Z) is simultaneously rank-1 decomposable. < It can be writtenas (W @ h,a @ h,w Q b).

O One-body parameter O Two-body parameter

- Simultaneous Rank-1 6-condition - i e(X.Y.Z)
Its all two-body 6-parameters are 0. DX, w®h)
+D(Y, a® h)y+D(Z, w @ b)
A=, T T
/
I/,

> D

/
- Simultaneous Rank-1 77-condition / /’/’91’1
 /(w®ha®h,wdb)/
, J
Nij = MNi1hj S /S
Simultaneous rank-1 subspace Q

O—-0O—0

The m-projection does not change one-body n-parameter
Shun-ichi Amari, Information Geometry and Its Applications, 2008, Theorem 11.6
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Find the global optimal solution of rank-1 NMMF

(X,Y,Z) is simultaneously rank-1 decomposable. < It can be writtenas (W @ h,a @ h,w Q b).

O One-body parameter O Two-body parameter

- Simultaneous Rank-1 6-condition - i e(X.Y.Z)
Its all two-body 6-parameters are 0. DX, w®h)
+D(Y, a® h)y+D(Z, w @ b)
A=, T T
/
I/,

> D

7/

. .. //
- Simultaneous Rank-1 77-condition / 7 >0
 /(w®ha®h,wdb)/
’ ,/
Nij = MNi1hj S /S
Simultaneous rank-1 subspace Q

O—-0O—0

The m-projection does not change one-body n-parameter
Shun-ichi Amari, Information Geometry and Its Applications, 2008, Theorem 11.6

‘ All n-parameters after the projection are identified. 19:20
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Rank-1 NMF with missing values

NMMF can be viewed as a special case of NMF with missing values.

w1y ||hy | hy| h - PR
= = w; — Equivalent - 7 Z: — :2-
s s - Lo e
W4 B ay | |hy | hy | hs
Y] OERRR (ws Y az
SRR |we a3
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Rank-1 NMF with missing values

NMMF can be viewed as a special case of NMF with missing values.

wq||hy |hy | - e Lo Ll
= = w; e Equivalent - 7 z;_ S :2 o]t [t
%%% ~ w3 “ ~ w3 W3
Wa - aq hl h2 h3
V] ORSESRS]  |ws v 2
] [ws a3

NMF is homogeneous for row and column permutations

w1 h] hz h3
[ X -l |iZU2 t 4




A1GM: Algorithm

Step 1 Step 2 Step 3 Output
2|3(3(|11]4 214(3(1|3 1.5|11.8/1.6]1.3].85[3.4 1.5/1.8[3.4/1.3].851.6
31K 1]3]2]2]4 13/l A— A hy
HEHNE R = EIEIEE] =T I
5 R 3B 501328 o 1.9
114]212]3 311 i1 1.3

A A

Step 1 : Gather missing values in the bottom right.
Step 2 : Use the formula of the best rank-1 NMMF.

Step 3 : Repermutate

Find exact solution &) ?
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@) Data that A1GM is good at and not good at£X

£X Missing values are evenly distributed in each row and column.

3[3]1]4
3[4]1]5]1
39k 1]3
5[2(3]4

1

5

N[O

1

= O] W| W

R0 20307070 5070 030,
2020202 %2 102 0%
202470747070 970 070
SRS
EAIHIHAIIRK
0203 020 120220 % 20
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@) Data that A1GM is good at and not good at£X

£X Missing values are evenly distributed in each row and column.

| W|l W
AIN|O| D>

1

5

1

N[O

WaWs W VW P W P

3|31 000 2020 04 Ko a0’
203450507070 °9°0 03¢

115 AR
""" OODEK

DD
0203 0303 P20 D202 0%
213 20502020 2020 020 0%,

9a92 9294 0.9 200 N Wl

002 0202 002 202 29
228 RIS

= O] W| W
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Missing are heavily distributed in certain rows and columns.
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Missing values tend to be in certain columns in some real datasets.
ex) disconnected sensing device,
optional answer field in questionnaire form
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A1GM: Algorithm

Input Step 1 Step 2 Step 3 Output
2|3(3|114 2|3(3|1]4 2143|113 1.5|11.8]1.6[1.3/.85[3.4 1.511.8/3.4/1.3].85/1.6
34111 K 1]13]2]2]4 13/ A— Ay
3(9(111|3 3(9(1|1|3 3(3(1]1]9 1.9 1.9
5 341E>5 381 I:>513 @E>1_9 E>1.9
114]2]2]3 114[2]2]3 1|1 1.1 1.3

A A

Step 1 : Increase the number of missing values.
Step 2 : Gather missing values in the bottom right.

Step 3 : Use the formula of rank-1 NMMF and repermutate.
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Experiments on real data
A1GM is compared with gradient-based KL-WNMF

- Relative runtime < 1 means A1GM is faster than KL-WNMF. %5 -10
- Relative error > 1 means worse reconstruction error of ATGM than KL-WNMF. v e
- Increase rate is the ratio of # missing values after addition of missing values at step1.
DataSet size # missing values increase rate relative error relative runtime
— IndianPop (24,13) 1 1 1 0.19784
Autompg (398, 8) 6 1 1 0.12957
: DailySunSpot (73718, 9) 3247 1 1 0.12845
Find —  CaliforniaHousing (20640, 9) 207 1 1 0.11821
the best solution | MTSLibrary (1533078, 4) 1247722 1 1 0.18327
BigMartSaleForecas (8522, 5) 1463 1 1 0.12699
— BoardGameGeekData (101375, 17) 21 1 1 0.14625
CreditCard Approval (590, 7) 25 1.92 1.0018 0.12212
HumanResourceAnaly (14999, 7) 519 1.96146 1.0168 0.11858
concretemiss (1030,9) 99 2 1.0010 0.11108
heartdisease (303, 14) 6 2 1 0.12259
.. lungcancer (32, 57) 5 2 1.0001 0.13803
Add missing values. B8 p ) HousePrice (33656, 14) 16585 2.61345 1.0004 0.15382
Accuracy decreases. SleepData (62, 8) 12 2.75 1.0211 0.18208
HCVData (615,11) 31 4.1935 1.0068 0.11246
arrhythmia (452, 280) 408 4.70588 1.0148 0.11387
Bostonhousing (506, 14) 120 5.6 1.003 0.1097
LifeExpectancyData (2938, 19) 2563 7.04097 5.7983 0.095773
HCCSurvivalDataSet (165, 50) 826 8.3632 3.2898 0.07113

wikidHE (913, 53) 1995 18.10175 1.2363 0.066256 83




Motivation, Strategy, and Contributions

Introduction of log-linear model on DAG

The best rank-1 approximation formula The best rank-1 NMMF

Legendre Tucker-Rank Reduction(LTR) A1GM: faster rank-1 missing NMF

O github.com/gkazunii/Legendre-tucker-rank-reduction o github.com/gkazunii/ATGM

Theoretical Remarks

Conclusion
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Extended NMMF.
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Extended NMMF.
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Theoretical Remarks 1 : Extended NMMF.

" The best rank-1 approximation of extended NMMF ]
Y 6; ¢XY.ZU) \/S(X) i ﬁ ‘ E;=1Ynj
DX, @ @) 1 DY, a & h) W = —— 1 X,-- aF Z,‘m i ay =
H e SX) +p5(2) |5 ; —= VS(X)
’..9_ ’
war,na 5 y M
X Z| |= AN 2 . , Vs(X) z’:x %Y o = —VS(X)E U,
Simultaneous rank-1 subspace P —— 55 + = L - m
6— T s +asn |57 E SZ) =
I ’ I,
S(Z) 1
U bm = ﬁ Z,‘m +y Ulm
BS(Z) +yS(U) S(X)l § E
DX, w®h)+aD(Y,a®h)

+BD(Z, w®b)+yD(U, c®Db)
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Theoretical Remarks 1 : Extended NMMF.

" The best rank-1 approximation of extended NMMF ]
Y . @(X.Y.ZU A/ I M E]._ Y,
s, | 0= ool I NXy+ BN T =
|| s +ps2) |2 A Vs()
y 50, :
/" fwoh,aoh s / M
X 2 1=~ Y4 Simultancous rank 1 subspace Q hi= — Y2 VS(X) | EI: X--+a§:Y L o= S—(X)Z U
EE—— Psx)+asy) |G A 52) w2
I I,
S(Z) 1
U b = Zin+7 2, U
BS@ +v50) /500 ‘ﬁ LZin+y AU ]
DX, w®h)+aD(Y,a®h)
+BD(Z, w®b)+yD(U, c®Db)
Equivalent
(I TTTT]
- 0 IfX;;is missing
D(q)OX,(I)O(’UJ@h)) (I)U: J )
1 otherwise
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Theoretical Remarks 1 : Extended NMMF.

" The best rank-1 approximation of extended NMMF ]
Y . f(XY.ZU) A/ / M DR
0;; m?‘jigamllﬁ“ﬁi\@h]b w; = i< Exl] +ﬁ2 me L a, = j=1 ]
|| e S0 +ps@) |27 Vs(x)
Lo
4 @ia@k s 1/ M
X Ll 1= < Simiitancous ranic subspace Q o= — YOV VS(X) | ZI: X+ aiy L o= ME U
EE—— bosX+as |5 AT &) =1
I I,
S(Z) 1
U bm = Zim + U
F5@+750) 500 ‘ﬁ LZn+7 LU ]
DX, w®h)+aD(Y,a®h)
+BD(Z, w®b)+yD(U, c®Db)
Equivalent
(I TTTT] R
§ B Permutation
B If rank(®) =2,
o 33&; the matrix can be transformed into the form |
()

D(®oX,®o(w®h)) ij = {0 If X;; is missing

1 otherwise

We can exactly solve rank-1 NMF with missing values by permutation if rank(®) =2.




Theoretical Remarks 2 : Connection to balancing.

Mahito Sugiyama, Hiroyuki Nakahara and Koji Tsuda

Matrix Balancin (g Tensor balancing on statistical manifold'(2017) ICML.
Balanced matrix

q) (Doubly stochastic matrix)

1/5

Transform

—)

1/5

1/5 - 1/5
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Theoretical Remarks 2 : Connection to balancing.

q)

Mahito Sugiyama, Hiroyuki Nakahara and Koji Tsuda

Matrix Balancin (g Tensor balancing on statistical manifold'(2017) ICML.
Balanced matrix

Balancing Condition with 7

(Doubly stochastic matrix)

Transform

—

1/5

\

\/
1/

1/5
5 0

]

Balanced subspace R

— Balancing condition —

n—i1+1

N1 =M1 =

P




Theoretical Remarks 2 : Connection to balancing.

Matrix Balancing

(Doubly stocl

Transform

—

Balanced rank-1 matrix is unique.

— Balancing condition —

Balanced matrix Balancing Condition with 7 n-— i + 1

hastic matrix) Ni1 = M1 =

1/5

Rank-1 condition

Its all many-body

6-parameters are 0.

1/5

1/5

\4

\

Rank-1 Condition with @

1/5 6;;

Balanced subspace R




Conclusion

[ ] Closed Formula of the Best Rank-1 NMMF
Data structure Infor-Geo
Input Decomposition
O 4 Po |l [ s 1] [ ]
P X v/ 2
I e [
< o
// _Vv / ’91 Y 2
/ Po // a5 -0-0
,_ _______10_\;—};nk space
The best rank-1 approximation for NMMF
For given X € RZ{, Y € R}, and Z € RZM the best rank-1 NMMF is given as
[] Describe low-rank condition using (6,n) N u %Yoy
i=—<zxij+ﬁzzim ay =
. . SX)+B5(2) |5 m=1 VS(X)
- Rank-1 condition (7-representation) - :
ik = 11711171 ho=_ VSX) EI:X..Jraiy. b _ ZiaZin
l]k 111 1_]1 11k ] S(X)+aS(Y) P 1] “ nj m m
S5(X) is sum of all elements of X.
- Rank-1 condition (8-representation) -
All many body 6, are 0 [ ] ATGM: Faster Rank-1 NMF with missing values
Input Step 1 Step 2 Step 3 Output
2[3[3[1]4| [2[3[3[1]4 2[473[1 5|f.ali 6]t 3[ss]3.4 51.813.411.3].85/1 6]
34181 (SRR 13[2]2 , _
3lo[1[1]3]N39[1]1]3 3[3[1]1 _
5 341|:>5 3 1]:>513 ]
1]4[2[2[3] [1]4]2]2]3 311 .
A A




